



United Nations Educational Scientic and Cultural Organization
and
International Atomic Energy Agency
THE ABDUS SALAM INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS
EXCEPTIONAL CURVES ON SMOOTH RATIONAL SURFACES
WITH  K NOT Nef AND OF SELF-INTERSECTION ZERO
Mustapha Lahyane
1
The Abdus Salam International Centre for Theoretical Physics, Trieste, Italy.
Abstract
We prove that a smooth rational surface X dened over the eld of complex numbers having
an anti-canonical divisor not nef and of self-intersection zero has a nite number of ( 1)-curves.
A ( 1)-curve is a smooth rational curve of self-intersection  1.
By giving an example, we also show that X may have no ( 2)-curves, a ( 2)-curve is a smooth






Let X be a smooth rational surface dened over the eld of complex numbers such that the
self-intersection of its canonical divisor  K
X
is equal to zero. We would like to know if X




is nef (i.e. for every eective divisor C on X, the intersection number of  K
X
with C is greater than or equal to zero), X is a blowing-up of the complex projective plane at
nine points, possibly innitely near.
According to the position of these nine points, many authors were interested in this problem
and gave answers in some special cases: In [5], Nagata studied the case when the nine points
are in general position; in [4], Ulf Persson and Rick Miranda studied the case when the surface
X has a jacobian elliptic structure. By means of ( 2)-curves, a complete answer was given in
[3]. Here a ( 2)-curve is a smooth rational curve of self-intersection  2.
In this note we study the case where  K
X
is not nef. Our main result is:
Theorem: Let X be a smooth rational surface dened over the eld of complex numbers
such that the two following conditions hold:
1. an anti-canonical divisor  K
X





Then the number of ( 1)-curves on X is nite.
This theorem will be a consequence of Proposition 1 and Proposition 2 of the next section.
Note that the condition  K
X
is not nef is equivalent to the fact that X has a
( n)-curve (n is an integer greater or equal to three). Here a ( n)-curve means a smooth ra-
tional curve of self-intersection  n.
2 Proof
We will prove that if X has a ( n)-curve, n  3, then the number of ( 1)-curves on X is
nite. To do so, it is suÆcient to prove it in the following two cases:














the Hirzebruch surface associated to the natural integer e,e  3;




2.0.1 Case of a blowing-up of a Hirzebruch surface
If Y is a smooth projective surface, then for every divisor D on Y , D denote the class of
D in the Neron-Severi NS(Y ) group of Y .
Let F
e
be the Hirzebruch surface associated to the natural number e, e  3. It is well-known
that F
e
has a section S
1
linearily equivalent to S
0
+ eF , where S
0
(resp. F ) is the section of
self-intersection  e (resp. a bre) of F
e
(see e.g. [1], or [2, Theorem 2.17., p. 379]). The group
of Neron-Severi of F
e
has a basis (S
1
; F ) dened by:
 S
1










Now let X be the surface obtained by blowing-up at 8 points the Hirzebruch surface F
e
,










is the class of the total transform of the section S
1
in X;
 F is the class of the total transform of F in X;
 E
i
is the class of the exceptional divisor corresponding to i
eth
blow-up point i = 1; : : : ; 8.











=  1, i = 1; : : : ; 8 ;
 S
1












= 0, for every i, j, i 6= j, i; j 2 f1; : : : ; 8g.
If D is a divisor on X, then D is nef if and only if D:D
0
 0 for every eective divisor
D
0
on X. It is easy to see that:
Lemma: Let X be the surface obtained by blowing at 8 points, possibly innitely near, of
the F
e
, e is a natural integer, e  3. Let S
1
be a section linearly equivalent to S
0
+ eF , where S
0




is the section of self-intersection  e.
Then the class S
1
of the total transform of S
1
(resp. of F ) is nef on X.
3
Our result is:




If X is a blowing-up of F
e
, e  3, then the number of ( 1)-curves on X is nite.
Proof of Proposition 1: Let E be a ( 1)-curve on X, the group of Neron-Severi NS(X)




; : : : ; E
8
) (see the notations above).




; : : : ; 
8
)





























= 0 and S
0
:F = 1, where S
0
is
the class of the total transform of S
0
).
The same thing holds for d  0 (F is nef).
Since K
X

















=  1 + (e+ 2)d+ 2d
0
:
























































  2(e+ 2)d  4d
0
 7:





+ 1 + 2((e   2)d2d
0
)  2((e  2)d)   2(2d
0
)  8d+ 8:
or







 8d+ 8 which implies that d  10: It can also be shown that d
0











2.0.2 Case of a blowing-up the Projective Plane
Let X be a surface obtained by blowing-up at 9 points, possibly innitely near, of the complex
projective plane P
2















is the class of the exceptional divisor corrresponding to the i
th
point blown-up, i =
1; : : : ; 9.













= 0 , for every i; j = 0; 1; : : : ; 9 with i 6= j .
Our result is:




If X is a blowing-up of the projective plane P
2
and if X has a ( n)-curve (n  3), then the
number of ( 1)-curve on X is nite.




; : : : ; E
9
),
the class C of the curve C in NS(X) is given by the 10-tuplet (Æ;m
1







= n  2 and K
X























3Æ + n  2
9
















Let E be a ( 1)-curve on X. If E = (d; 
1
; : : : ; 
9
) is the class of the ( 1)-curve E in NS(X)




; : : : ; E
9




















































































































(3(n  2)d   3Æ   n+ 2)
2
 162(3d + 4)(9n  6(n  2)Æ + (n  2)
2
)
implies that the integer d is bounded.
3 The Case when the Surface Has No ( 2)-Curves






is nef, then the niteness of the set of ( 1)-curves on X implies that X must
have some ( 2)-curves (see [3]). However this statement is no longer true if  K
X
is not nef.
Here we give an example of a smooth rational surface X having a nite number of ( 1)-curves,
without ( 2)-curves and such that K
2
X




The example is: blow-up a point P
1















and the exceptional divisor E
2
of the blowing-
up of the point P
2
. The fourth point P
4






and the exceptional divisor E
3










and the exceptional divisor E
4
of the blowing-up of the point P
4
. The sixth point P
6
is the unique point of the intersection
of the exceptional divisor E
5
of the blowing-up the point P
5






. The seventh point P
7
is the unique intersection point of the exceptional divisor E
6
of the
blowing-up the point P
6





. The eighth point P
8
is the unique
point intersection of the exceptional divisor E
7









. Finally, the ninth point P
9
















Let X be the surface obtained by blowing-up these nine points. One can easily check that X
has no irreducible curve orthogonal to a canonical divisor of X.
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